We use the Yang-Mills gradient flow to study the mixing of CP-violating pure gauge operators in continuum QCD with special attention to Weinberg's d=6 purely gluonic operator. The gradient flow allows for a relatively clear derivation of the Wilson coefficients of the CP-violating effective Hamiltonian. This calculation is the first step towards a high-energy matching of matrix elements involving the CP-violating operators between the perturbative and lattice regimes.
Introduction
The search for a neutron electric dipole moment (nEDM) has become an attractive route for investigating sources of matter-antimatter asymmetry. The presence of a permanent dipole moment violates both parity (P) and time-reversal (T) symmetry or, equivalently, CP symmetry. The Standard Model of particle physics places a lower bound on the nEDM of d n ∼ 10 −31 e · cm [2] from the elecrtoweak sector, while the current supremum is 3.0 × 10 −26 e · cm [1] , which leaves five orders of magnitude unprobed. To explore this range, the calculation of nucleonic correlators on the lattice may be supplemented with effective sources of CP-violation, higher-dimensional operators coming from effects beyond the Standard Model, an example of which will be briefly addressed in section 3. However, the mixing of these operators with lower dimensional operators can obscure the determination of the renormalized matrix elements, especially toward the continuum limit. The Yang-Mills gradient flow provides a workaround. It generates a tunable smoothing of the gauge fields by introducing a (D + 1) th dimension in which the fields evolve according to the so-called gradient flow equation [3] , explained in section 2.2. This new "flow time" may be infinitesimally varied independently of the lattice spacing, so that the renormalization (1/ √ 8t) and regularization (1/a) scales disentangle, which should, in principle, conduce to a simpler extraction of the Wilson coefficients for the operator mixing.
Perturbation Theory at Positive Flow-Time

Conventions
We perform all calculations on a CP-even background determined by the standard SU(N)-invariant action for interacting fermion fields ψ(x) and gauge fields A µ (x) in D-dimensional Euclidean space:
with bare mass, m 0 , and coupling, g 0 . The covariant derivative in the fundamental representation and the curvature are given by
where the generators, t a , a = 1, . . ., N 2 − 1, are chosen such that
Here the quadratic Casimir invariants for the fundamental (F) and adjoint (A) representations are given by
Lastly, we define the Fourier transform of a function f by
The Yang-Mills Gradient Flow
The Yang-Mills gradient flow is characterized by the augmentation of a gauge theory with an extra dimension t, called flow time (with [t] = −2), along which some field(s) evolve according to a modified, nonlinear heat equation. The original theory is imposed as a boundary condition for t = 0. In the case of SU(N) gauge fields [4] , this manifests as
The first term on the right-hand side of equation (2.5) is proportional to the gradient of the YangMills action [7] , while the second is added to avoid perturbative complications, specifically the necessity of damping some UV gauge modes (cf. eq. (2.7)). The diffusive nature of equation (2.5) ensures that the gauge fields are driven toward a minimum of the action, so that they become well-defined functionals of the unflowed field, free of UV singularities. The flow equation may be formally solved by splitting equation (2.5) into a linear and remainder part as [4] 
where the nonlinear remainder R µ is
and employing the heat kernel1
so that in momentum space we find an iterative solution inB µ :
with flow vertices X (2,0) and X (3,0) :
1For brevity, we use
The Weinberg Three-Gluon Operator
Weinberg has pointed out [6] that a dominating contribution to the nEDM should be given by a purely gluonic, dimension-six operator,
formed by integrating out Higgs bosons and quarks from a three gluon operator. Since this operator is free from suppression by weak mixing angles and light quark masses, it produces a large contribution to the nEDM.
Operator Basis
In order to renormalize the CP-violating operators, we consider their mixing with lowerdimensional operators in an operator-product expansion. For some gauge-invariant operator at positive flow time, we have the following asymptotic expansion:
where O R (x, t) is a renormalized operator at positive flow time, O R i (x, 0) are the renormalized basis operators at zero flow time, and c i (t) are the corresponding Wilson coefficients. This small flow-time expansion (SFTE) may be inserted into any correlators containing the operator and any external probe at nonzero separation, and it affords the particular benefit of explicitly tracking the renormalization scale via 1/8t ∼ µ 2 , since the Wilson coefficients must follow [5] 
is the scaling dimension of the operator O (O i ), p i is related to the anomalous dimension of the operator, and g is the coupling given at a scale of 1/ √ 8t. Fortunately, as shown in ref. [4] , the bulk field for pure gauge operators requires no renormalization for t > 0, so, the left-hand side of (3.2) is simply the flowed operator, and no renormalization constants need be considered.
In these proceedings, we do not wish to produce an exhaustive basis of operators contributing to the SFTE of the Weinberg operator. We rather focus on the topological charge density,
Since it is the only dimension-four operator contributing at one-loop order, it will provide the dominating contribution for t → 0, as according to equation (3.3), so that
where the Wilson coefficient of the topological charge density c q (t) goes as 1/t.
Extracting the Wilson Coefficients
The topological charge density is most readily probed with a two-gluon external state. Since our asymptotic expression for the Weinberg is constructed near t = 0, and since the energy scale goes as 1/ √ 8t, the coupling becomes arbitrarily small, and we may consider our theory at next-to-leading order in perturbation theory. We define the following correlation functions
Inserting the SFTE of the Weinberg operator (3.5) in the correlation function (3.6a) and expanding in the coupling constant, we obtain
(1)
The tree-level correlator Γ (2g) W (z, t) (0) vanishes for every t, implying that the leading mixing coefficient is of order g 2 0 , so c q (t) = 0. At the next order in the coupling, again equating the same order in both sides of eq. (3.7), we find
The tree-level value c (0)
W can be set to one after inspecting the tree level of a similar expansion with three external gluons. Thus we arrive at the defining equation for the Wilson coefficient:
Once the power-divergent mixing of the Weinberg operator with the topological charge density is calculated, the one-loop Wilson coefficients of other operators may be extracted.
The first correlator in the numerator of equation (3.9) admits three (at least nontrivially) nonvanishing graphs: a simple self-energy diagram (Fig. 1b), a tadpole (Fig. 1e) , and a "kernel" diagram (Fig. 1c) resulting from the first iteration of equation (2.8) . In dimensional regularizaton, the general solution of these integrals is unknown for arbitrary external states, since the flowed propagator gives rise to terms without spherical symmetry, which often prohibits the standard analytic continuation over the spherical part of the integral. In practice, however, we need only consider terms which are at most linear in the external momentum p µ , so we may perform a Taylor series expansion about p µ , simply ignoring higher-order terms which do not mix. For example, in diagram 1b we encounter integrals of the form
Note that the particular integral on the left above can in principle be solved completely analytically [8] , but this is unnecessary for the mixing calculation. The second term in brackets is odd in the integration momentum, so it generates additional contributions for odd n which would otherwise vanish under integration in standard QCD. This procedure formally requires an infrared regulator ǫ < 0, such that D = 4 − 2ǫ, since the infrared regulator p has been brought out of the denominator, though all dependence on ǫ vanishes in this case. In this scheme, the diagrams evaluate to
The second term in equation (3.9) must be treated similarly. The two contributing diagrams are givens in figures 1a and 1d. They are given through standard techniques by
Subsequently, we find an expression for the Wilson coefficient of the topological charge density:
which confirms the dependence of c
q (t) on flow time as expected from equation (3.3). The last step has used Lüscher's expression for the energy at positive flow time [3] . This form is particularly useful for perturbative matching to lattice data.
The remaining coefficients may be calculated in a similar manner, by choosing other probes. Since the expanded operator is intrinsically renormalized at positive flow time, the renormalization group evolution of the SFTE is encoded entirely in the Wilson coefficients. When they are all calculated, all but the self-mixing term may be subtracted off, so that the remaining term is proportional to the renormalized operator at zero flow time by construction. In the case of the Weinberg operator, the constant of proportionality is the anomalous dimension at positive flow time, which may be extracted by studying three-gluon external states.
This procedure is general, so it may be applied to any pure gauge operator. Since the flow does not renormalize fermions, however, there is additional scale dependence of an expanded fermionic operator, and the renormalization is not so straightforward.
